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Abstract. The homology cobordism group of homology cylinders is a generalization of the 
mapping class group and the string link concordance group. We study this group and its fil- 
trations by subgroups by developing new homomorphisms. First, we define extended Milnor 
invariants by combining the ideas of Milnor’s link invariants and Johnson homomorphisms. 
They give rise to a descending filtration of the homology cobordism group of homology cylin¬ 
ders. We show that each successive quotient of the filtration is free abelian of finite rank. 
Second, we define Hirzebrucli-type intersection form defect invariants obtained from iterated 
p-covers for homology cylinders. Using them, we show that the abelianization of the intersec¬ 
tion of our filtration is of infinite rank. Also we investigate further structures in the homology 
cobordism group of homology cylinders which previously known invariants do not detect. 
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1. Introduction 


The homology cobordism group of homology cylinders is an interesting object of study 
which extends the mapping class group and generalizes the concordance group of string 
links in homology 3-balls. The aim of this paper is to enhance our understanding of the 
structure of the group by developing two new invariants which are homomorphisms. We 
obtain the first invariant by combining the ideas of Milnor’s link invariant and Johnson’s 
homomorphism, and the second is a Hirzebruch-type intersection form defect from 
iterated p-covers. In this paper, manifolds are assumed to be compact and oriented. 
Our results hold in both topological and smooth categories. 

Let E gn be a surface of genus g with n boundary components. Roughly speaking, 
a homology cylinder over E grl is a homology cobordism between two copies of E gn . 
A homology cylinder is endowed with two embeddings i, and i_ of called mark¬ 
ings. The notion of homology cylinders was first introduced by Goussarov |Gou99j and 
Habiro [HabOPj independently, as important model objects for their theory of finite 
type invariants of 3-manifolds which play the role of string links in the theory of finite 
type invariants of links. While the set C grl of marking-preserving homeomorphism 
types of homology cylinders is a monoid, the set 'H g ,n of homology cobordism classes 
becomes a group under juxtaposition. The group 'H g ,„ was introduced by Garoufalidis 
and Levine as an enlargement of the mapping class group M 
The group M g ,n injects into C, 

Proposition 2.3]). Moreover, when n > 1, hig^n can be seen as a generalization of the 
concordance group of framed string links in homology balls. 


g ,nof£ g ,» fGL05l iLevOT] . 
gj „ and also into 'Hg t n (See |LevO 1 1 p. 247], [GFK111 


In this paper, we assume that n > 0, i.e. E 9) „ has nonempty boundary. We usually 
omit the subscripts and simply write E, C, and 7~l when g, n are understood from the 
context. Let I denote the interval [0,1]. For a group G, Gk denotes the fcth term of 
lower central series given by Gi = G, Gk+i = [G, Gk], and G^ denotes the fcth derived 
subgroup given by G(°) = G, G< fe+1 ) = [G^G^]. 

In the literature, the structure of % was studied by constructing invariants. In 
particular, invariants which are group homomorphisms are essential in understanding 
the group structure. Let F = 7Ti(E) and H = iJi(E). In GL05 1 ILevOl) . Garo¬ 
ufalidis and Levine defined homomorphisms r] q : T~L g p —> Aut (F/F q ) and a filtration 
Tdg.iWi '•= Kerp as extensions of the Johnson homomorphisms and the Johnson 
filtration of the mapping class group M g ,i [ Joh80 . We call the maps rj q on 77 g .i 
Garoufalidis-Levine homomorphisms. (In some literature, those on 'H s p are referred 
to also as ‘Johnson homomorphisms.’) Briefly, the invariants g q measure the differ¬ 
ence between two markings on F/F q . Garoufalidis and Levine determined the image 
of 1-Lgp[q] under rj q and showed each successive quotient — l]/"H gi i[g] is finitely 

generated free abelian. See also Remark 3.6 and the paragraph after Theorem |4.3| 
for precise statements. We remark that the image of the Johnson subgroup of the 
mapping class group is unknown. In |Mor08j . Morita obtained a homomorphism on 
'Hg.i by taking the limit of a trace map composed with r/ q . He used this to show that 
the Torelli subgroup 77 gj i[2] of higp has infinite rank abelianization, while it is known 
that the Torelli subgroup of A4 g> i is finitely generated for g > 3. In |Sak081 ISakl2] , 
Sakasai defined Magnus representations, which are crossed homomorphisms on H g p 
and homomorphisms on the subgroups 'H g j[q\. Using them, he proved that A4 g ,i is 
not a normal subgroup of 77 g ,i for g > 3. Cha, Friedl, and Kim defined a torsion 
invariant in [CFKllj . They used it to show that the abelianization of "Hg,™ contains a 



























THE HOMOLOGY COBORDISM GROUP OF HOMOLOGY CYLINDERS 


3 


direct summand isomorphic to (Z/2)°° if &i(E) > 0, and contains a direct summand 
isomorphic to Z°° if n > 1. In |CHH12j . Cochran, Harvey, and Horn considered signa¬ 
ture invariants for / H g ,i[ 2], which are the von Neumann-Cheeger-Gromov L 2 -signature 
defects of bounding 4-manifolds. Their invariants are quasimorphisms on H gi i[q] and 
send 'H g ,\[q\ to a dense and infinitely generated subgroup of R for g > 1. They become 
homomorphisms on the kernel of Sakasai’s Magnus representation on 'H gt i[q\- 

In fact, for 'H g< i, ij q is related to the Milnor invariant of (string) links as described 
briefly below. The concordance group of m-component framed string links in homol¬ 
ogy balls is naturally identified, by taking the exterior, with 'Ho,m+i> and the total 
Milnor invariant of length < q for string links can be viewed as a homomorphism 
H q defined on %o,m+i- We denote its kernel by %o, m +i (?)■ Habegger established 
a bijection Ho, 2 g+i( 2 ) —> - H g ,i[ 2 ], which is not a homomorphism but descends to 
an isomorphism between "Ho, 23+1 (<2 — l)/'Ho, 23 + 1 ( 9 ) and 7-L g ,i[q — 1 \/'H g ,iW\ [HabOOl . 
Levine found a monomorphism "Ho, 3+1 T~L g ,i which induces a monomorphism of 
'Ho, g +i(q-l)/'Ho, g +i(q) vato'H g ,\[q—l]/'H g ,\[q\ [LevOll . Habegger and Levine showed 
that i-i, q and rj q can be identified under these maps, respectively. 


1.1. Extended Milnor invariants 


We will define a new invariant fl q on F. g ^ n for arbitrary ( g,n ) with n > 1. This is a 
common generalization of the Milnor / 2 -invariant and the Garoufalidis-Levine homo¬ 
morphism which are defined only when g = 0 and n = 1 , respectively. 

As in |HL90j , string links have the advantage that their / 2 -invariants are well-defined 
without indeterminancy, in contrast to links, because a string link has well-defined 
(zero-linking) longitudes, as elements of the fundamental group of the exterior (see 
Section [3T| for details). In fact, the Milnor invariant of a string link essentially repre¬ 
sents the longitudes as elements of the free nilpotent quotient. 

We generalize this to homology cylinders over a surface E = T, g n as follows. Briefly 
speaking, we take n — 1 fundamental group elements for a homology cylinder as analogs 
of the longitudes of a string link, and to extract more information from the fundamental 
group, we consider additional 2 g elements that arise from symplectic basis curves of 
the surface E. Note that 2g + n — 1, the total number of the elements we consider, is 
equal to the first Betti number 61 (E). By taking the image of those elements in F/F q , 
where F = 7 Ti(E), we define an extended Milnor invariant 


/2 : T-Lg 


(. F/F q ) 2 s+"- 1 . 


The precise definition is given in Section 3.1 It turns out that jl q is equivalent to the 
Garoufalidis-Levine homomorphism r] q for n = 1, and to the Milnor / 2 -invariant for 

<7 = 0 . 

We remark that the 2g + n — 1 elements used above are essential in understanding 
the fundamental group of the closure of a homology cylinder (see Section [ 2 ] for the 
definition), from which we will extract signature defects and more generally Witt class 
invariants. These invariants will be discussed in the next subsection. 

We define a filtration by TL(q) := Ker/2 ? . This generalizes the Garoufalidis-Levine’s 
filtration H[q], in the sense that T-l(q) = T-l[q} for n = 1 . We remark that Garoufalidis- 
Levine’s definition for n = 1 can be applied to the case of n > 1 to give a filtration, 
which we also denote by %[<?]; our filtration is finer than this, that is, we have 7i{q) C 
H[q\ in general. The map jl q is a crossed homomorphism. It is a homomorphism on 


both %[q\ and "H(g — 1). For more details, see Section 3.3 
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Regarding the structure of the successive quotients of our filtration, we have the 
following result: 

Theorem 1.1. For each q > 2, the following hold: 

( 1 ) fi q induces an injective homomorphism 

fi q :U(q-l)/H(q) —> {F q _ x /F q f 9+n ~\ 

Hence, H(q — l)/'H(q) is finitely generated free abelian. 

(2) We have 

max{r g ( 2 g), r q (g + n — 1 )} < rank H(q — 1 )/'H(q) < r q {2g + n — 1 ) 

where N q (m) = ^ 12d\q l fi{d){ r n q ^ d ), ip is the Mobius function, and r q (m) = 
mN q -i(m) — N q {m). 

It is known that the injection in (1) is an isomorphism and the equality in (2) holds 
if either g = 0, i.e. for string links [Orr891 . or n = i fcirm 

Our next result is that a surface embedding gives rise to relationships between 
homology cobordism groups of homology cylinders over the surfaces and between their 
extended Milnor invariants as follows: 

Theorem 1.2. For any embedding v. E 9in —¥ E g ^ n / with n,n' > 1, it induces a ho¬ 


momorphism i: Hg^n —> Hg^n', and a function f: (F/F q ) 29+ 


n— 1 


(F'/F') 29 '+ n ' 


-l 


which make the following diagram commute, where F = it 1 (E ff „) and F' = 7 r 1 (E g / n /): 


n 


g,n 


H 


g',n' 


(F/F q ) 29+n ~ l —->■ (F'/F ') 29 '^'- 1 

In addition, we present a sufficient condition for / to be 1-1 and a sufficient condition 
for i: Hg, n —t to be injective in Theorem 4.1 The former implies that the 


extended Milnor invariant oii(M) € Hg’y determines that of M £ T~i g ^ n - 

Applying the above result to appropriate surface embeddings, we obtain the follow¬ 
ing: 

Corollary 1.3. For any two pairs ( g , n) and (</, n') satisfying g < g' and g+n < g'+n', 
there is an injective homomorphism 


Hg ,n c —> H. g' ,n' i 


which induces injections 


Hg^niq - 1 )/'Hg,n{q) c - > 'Hg',n'{q - 1 )/'Hg',n'(q) 


for all q > 2 . 

Levine’s monomorphism T-Lo, g +i — l ► 7dg,n [LevOlj is a special case of this. 

In the next subsection, we present our results on the structure of H(oo) := fj H(q). 
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1.2. Hirzebruch-type intersection form defect invariants 


In [ChalO] , Cha defined Hirzebruch-type intersection form defects for closed 3-manifolds. 
In order to extract homology cobordism invariants, he considered towers of abelian p- 
covers. Let d be a power of a prime p. For a CW-complex X, a pair of a tower of 
iterated abelian p-covers and a homomorphism of the fundamental group of the top 
cover to Z d is called a (Z d-valued) p-structure for X jCha09) . (A precise definition is 
given in Section HD We remark that any connected p- cover can be obtained as the top 
cover of a p-structure. For a closed 3-manifold M and a p-structure T for M such that 
the top cover is zero in the bordism group ^(FZ^), an invariant A(M, T) is defined 
to be the difference between the Witt classes of the Q(£d)-valued intersection form and 
the ordinary intersection form of a 4-manifolcl bounded by the top cover over Z d, where 
(d = exp(27r\/^T /d). This lives in the Witt group L°(Q(Q)) of nonsingular hermitian 
forms over Q(Cd)- This A(—, —) is a homology cobordism invariant in the sense that if 
M and N are homology cobordant, there is a 1-1 correspondence 7m Tn between 
p-structures for M and N, X(M,Tm) is defined if and only if X(N,Tn) is, and in that 
case, X(M,Tm ) = X(N,Tn)- 

A map /: X — > Y is called a p-tower map if pullback gives rise to a 1-1 correspon¬ 
dence 


: {p-structures for Y} 


(For a more precise description, see Section 5.1 


{p-structures for X}. 

He found a sufficient condition for a 


map to be a p-tower map: for a map between CW-complexes with finite 2-skeletons, 
if it induces an isomorphism on the “algebraic closures” of their fundamental groups, 
then the map is a p-tower map IChalOl Proposition 3.9]. (More information about the 
algebraic closure is given in Sect ion |4~3| ) This applies to string links as follows. A string 
link a has canonical meridians, which give a meridian map m: \J S 1 > M a where M a 
is the surgery manifold of its closure. A string link is called an F-string link if its 
meridian map induces an isomorphism on the algebraic closures of the fundamental 
groups. Using the above, for an F-string link a, he defined a concordance invariant 
Ar(cr) := A (M a , for each p-structure T for \/ S 1 . He also proved that Ap is a 

group homomorphism of the concordance group of F-string links jCha09| . 

We apply the Hirzebruch-type invariants in |ChalOl ICha09| to homology cylinders. 
Motivated by (Cha09] . for homology cylinders, we define invariants parametrized by the 
p-structures for the base surface. For this purpose, we investigate when the composition 

i: E —V M —> M, which we call the marking for the closure M, is a p-tower map. As 
stated in the first part of the following theorem, the criterion is exactly the vanishing 
of our extended Milnor invariants. 


Theorem 1.4. 

(1) The marking i: E —> M is a p-tower map if and only if p q (M) vanishes for all 
q. In that case, Xp{M) := A(M, ( < I > j) _1 (T)) is well-defined for any p-structure 
T for E. 

(2) For any p-structure T for E, 

A r : "H(oo) —» L°(Q(Cd)) 

is a group homomorphism. 

Furthermore, we give a generalization as follows. We consider certain special p- 
structures, which are called p-structures of order q. Roughly, they are p-structures 
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Ar ; H(q) 


factoring through the qth lower central series quotient. (See Definition 5.2). We prove 
that the marking E — > M induces a 1-1 correspondence between p-structures of order 
q if and only if vanishes. In this case, we define an invariant Ap(M), with value 

in Z[A] (g) z L°(Q(( d )). In other words, we define 

for each p-structure T for E of order q. However, it may not be a homomorphism. 
We present sufficient conditions on homology cylinders for Ap to be additive in Theo¬ 
rem [5TT2I 

We study the structure of Ti{ 00 ) using Ap in Section [ 6 ] Performing infection by 
knots, we construct infinitely many homology cylinders with vanishing extended Milnor 
invariants, but distinguished by Ap. 

Theorem 1.5. When 61 (E) > 1, the abelianization of'H{ 00 ) contains Z°°. 

We d efine a boundary homology cylinder and an T-homology cylinder in Section 
and 


4.3 


4.2 


as analogs of the boundary (string) link and the F- (string) link, respectively. 
The above theorem also holds on the subgroup consisting of boun dary homology cylin¬ 


ders and that consisting of T-homology cylinders. (See Theorem 6.7 ) 


Moreover, our method detects homology cylinders that cannot be detected by other 
invariants we discussed before Section [Tj] as follows: 


Theorem 1.6. Suppose 61 (E) >1. If n = 1, the intersection of the kernels of 
Garoufalidis-Levine’s homomorphisms p q IGL05| . Cha-Friedl-Kim’s torsion invariant 
t [CFKllj . the extended Milnor invariants fi q , Morita’s homomorphism p jMor08j . 
Sakasai’s Magnus representations r q |Sakl2j , and Cochran-Harvey-Horn’s signature 
invariants p q |CHH12j has infinite rank abelianization. If n > 1, the intersection of 
the kernels of rj q , t, fi q (in this case, p, r q , and p q are not defined) has infinite rank 
abelianization. 


1.3. Solvable filtration of homology cylinders 

In Section [TJ we investigate some other cobordisms of homology cylinders. Whitney 
towers and gropes play a key role in the study of topology of 4-manifolds and con¬ 
cordance of knots and links. In f COTO.'i !. Cochran, Orr, and Teichner introduced 
solvability of knots and related it to Whitney towers in 4-manifolds. Their filtrations 
on knots and links have been much studied as an approximation of sliceness. To study 
3-manifolds with nonempty boundary, Cha defined Whitney tower cobordism and solv¬ 
able cobordism of bordered 3-manifolds |Chal4bj . Applying his definition to homology 
cylinders, it is straightforward to define the notion of (r)-solvable homology cylinders 
for r £ |Z> 0 . We show that Ap can be used as obstructions to the solvability of 
homology cylinders: 


Theorem 1.7. Let M £ TL(q) and T be a p-structure of height < h for E of order q. 
If either 

(1) M is (6 + 1) -solvable, or 

(2) M is (6.5 )-solvable and satisfies one of (C1)-(C5) of Theorem 5.12. 
then Ap(M) vanishes. 


Here the height of a p-structure for X is the height of the tower of iterated p-covers, 
a precise definition is given at the beginning of Section [5j 
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We also refine Theorem 


1.5 


Let J r ^°°' > denote the subgroup consisting of (re¬ 


solvable homology cylinders in T~L{ oo) for each r £ |Z> 0 . 

Theorem 1.8. When &i(E) > 1, the abelianization of F^^ /F^f^ is of infinite 


rank. 


We remark that the analogs hold for the solvable filtration of the subgr oups of 


7.6 


boundary homology cylinders and that of .F-homology cylinders. See Theorem 

The paper is organized as follows. In Section [2j we recall basic definitions and ex¬ 
amples of homology cylinders and their homology cobordism groups. In Section [3j we 
define extended Milnor invariants on Hg^n- In Section |4j we study the filtration 'H(q) 
associated to the extended Milnor invariants and subgroups consisting of boundary 
homology cylinders, F -homology cylinders. In Section [ 5 J we define Hirzebruch-type 
invariants of homology cylinders and give sufficient conditions for additivity of the in¬ 
variants. In Section[6j by investigating the effect of infection, we detect a rich structure 
of H which has not been detected previously. Finally in Section [TJ we study nilpotent 
cobordism and solvable filtrations of homology cylinders using our invariants. 


Acknowledgements. The author thanks her advisor Jae Clioon Cha for his advice 
and guidance. This research was partially supported by NRF grants 2013067043 and 


2013053914. 


2. Homology cylinders and their homology cobordism groups 

We recall precise definitions about homology cylinders. Let E = E gjrl be a surface of g 
genus with n boundary components. 

Definition 2.1. A homology cylinder over E consists of a 3-manifold M with two 
embeddings i + , i_: E dM. called markings , such that 

(1) *+|as = *_|as> 

(2) 4 U : E Ug (—E) — > dM is an orientation-preserving homeomorphism, and 

(3) * + ,i_ induce isomorphisms H*( E;Z) —> 

We denote a homology cylinder by (M,i + ,i_) or simply by M. 

Two homology cylinders (M, i + ,i_) and (N,j + ,j_) over E Sin are said to be isomor¬ 
phic if there exists an orientation-preserving homeomorphism /: M —► N satisfying 
j + = f o i + and j_ = f o i_. Denote by C 9i „ the set of all isomorphism classes of 
homology cylinders over E g>n . We define a product operation on C gi „ by 

(M,i + ,i_) • ( N,j + ,j_) := (M Uj_ o(g+ )-i N,i + ,j_) 

for (M,i + ,i_), (N,j + ,j_) £ C g! „, which endows C gi „ with a monoid structure. The 
identity is (E fli „ x l/(z,0) = ( z,t ) (z £ dS,t £ /), id x 1, id x 0). For later use, we 
denote this trivial homology cylinder by E. 

Definition 2.2. Two homology cylinders (M,i + ,i_) and (N,j + ,j_) over E gj71 are 
said to be homology cobordant if there exists a 4-manifold W such that 

(1) dW = M U (—IV)/ ~, where ~ identifies i + (x) with j + (x) and i_(x) with 
j_{x) for all x £ E g n , and 

(2) the inclusions M ^ W, N ^ W induce isomorphisms on the integral homol¬ 
ogy- 
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We denote by H g , n the set of homology cobordism classes of elements of C Si „. By 
abuse of notation, we also write M for the class of M. The monoid structure on C g , n 
descends to a group structure on H g , n , with (M, i + , i_)~ x = (— M, i_,i+)- We call this 
group the homology cobordism group of homology cylinders. Actually, there are two 
kinds of groups 'H s g n ^‘ oth and depending on whether the homology cobordism is 
smooth or topological, and there exists a canonical epimorphism % 9 “ ooth -» H g °% whose 
kernel contains an abelian group of infinite rank jCFKllj . In this paper, however, the 
author does not distinguish the two cases since everything holds in both cases. 

Both Ho ,o and Hq,i are isomorphic to the group of homology cobordism classes of 
integral homology 3-spheres. The group Ho ,2 is isomorphic to the concordance group of 
framed knots in homology 3-spheres. For n > 3, Ho, n is isomorphic to the concordance 
group of framed (n — l)-component string links in homology 3-balls, or equivalently, 
in homology cylinders over D 2 = £ 0,1 • Similarly, H g , n can be considered to be the 
concordance group of framed (n — l)-component string links in homology cylinders 
over £ Sj i. The fact that the mapping class group over £ 9i „ is a subgroup of H g , n 
implies H g , n is non-abelian except (g, n) = (0, 0), (0,1) and (0, 2). 

For any homology cylinder M, there is an associated closed manifold M obtained 
from M by identifying i + (z) and i_(z) for each z £ £. We call it the closure of M. 
When M is considered as an exterior of a framed string link, M is just the surgery 
manifold of the closure of the string link. Both i + , i_ composed with the quotient map 
give an embedding i: £ —> M , which we call the marking for M. 


3. Generalization of Milnor invariants and Garoufalidis-Levine 
homomorphisms 

Let d-\. d 2 ,, d n be the boundary components of £. Choose a basepoint * of £ on d n 
and fix a generating set {aq,..., x n _ 1 ,m 1 ,..., m g , l x ,..., l g } for 7Ti(£, *) as in Figure]!] 
such that x i is homotopic to the *th boundary component d i and m ? , l ] correspond to 
a meridian and a longitude of the jth handle. Since our n is nonzero, the group is free 
on the above 2g + n — 1 generators. Let F = 7Ti(£, *). For the generators in Figure [l] 
the element [<9 n ] G 7Ti(£,*) is represented by We will use this later, 

to prove Theorem |4.3| 



Figure 1. A generating set for 7Ti (£ 9i „) 
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3.1. Extended Milnor invariants on FLg^n 

First, we define Milnor invariants of homology cylinders similarly to those of string 
links. Let be a homology cylinder over E. The chosen is of the form 

[cq ■ /3 i ■ a~ x ] for a closed path fi i : I —> I/dl d i such that the latter map is a 
homeomorphism and a path a i from * to /^(O). The orientation of /3 i is determined 
by x i . Consider the loop (i + o cq) • (i_ o a” 1 ) in M. If M were a framed string link 
exterior, this loop would be its ith longitude. We define X i to be the class of the loop 
( i + oa i )-(i_oa g 1 ) in It is independent of the choice of cq, and it depends 

only on the choice of x. t in 7 Ti(E, *). We will show this at the end of this subsection. 
By Stallings’ theorem |Sta65j . i, induces an isomorphism 

F/F q = 7ri(E)/7Ti(E) 9 —i> Tr 1 (M)/n 1 (M) q 

(*+).» 

for every (jgN. We define fx q (M) i to be the inverse image of X. t in F/F q and /i g (M) 
to be the (n — l)-tuple (n q (M ) 1 ,..., /i 9 (M)„_ 1 ) £ (F/F q ) n ~ 1 . Also, / i(M ) can be 
defined to be i) geN ,..., (n q (M) n _ i) ?eN ) as an element of (1^ F/F q ) n ~ 1 . For 

(i±)*- F —► 7Ti(M) induced by markings i z t , the element A.^ indicates the difference 
between (i + )*(a; i ) and («_)*( x d ) in 7Ti(M) as follows: 

(O*0i) = K 1 ' ' V 

Also n (M) i indicates the difference of two markings on x i in F/F q : 

(!) ° { i -)*q){ X i) = f ■ X i ■ Vq{M)i. 

For the case of g = 0, the invariant /j, q is equivalent to all the Milnor /2-invariants of 
length < q for framed string links. 

Now we extend this for the remaining generators and Z • of F. Denote A' = 
(i + )*{m j ) • (?’_)»(m“ 1 ) and A" = {i + )*(lj) • (i_)*(Z“ 1 )- Let n' q (M) j and / / q (M) j be 
the inverse images of A' and A" under the above isomorphism (i + )* q , respectively, for 
j = 1,..., g. Then, clearly 

(0*( m j) = A' -1 • (i + )*(Wj) , = ^" _1 • (*+)*(^) in M M ), 

and hence 

( 2 ) (( i+)*q ° (»-),,)K) = tfq W 7 1 • rn p 

((W)- 1 o (*_).,)(*,•) = • 1. in F/F q . 

We denote by A(M) or simply by A the (2 g + n — l)-tuple of A, : , A', and A" of 
7 Ti(M) and by ix q {M) the (2g + n- l)-tuple of n q (M) i , and /j, q (M) j of F/F q . 

the total /2(M) is defined to be ((/I 9 (M)i) ?eN ,..., (/2 g (M) 2s+n _i)q eN ) as an element 
of (lhn^F/Ej) 2 ^"" 1 . 

Remark that A (M) plays an important role in studying the fundamental group of M. 
More precisely, can be obtained from m(M) by killing all A {M) k . Hence, /i (M) 

vanishes if and only if i induces an isomorphism F/F q = TTi(M)/TTi(M) q . It is similar 
to case of (string) links: for a (string) link L, the Milnor invariants of length< q vanish 
if and only if a meridian map \/ S’ 1 — 1 ► Ml induces an isomorphism on 7Ti (—)/7Ti (—) (? 
where Ml is the surgery manifold (of the closure). In this sense, /2 is a more appropriate 
analog of Milnor’s /2-invariants of string links, compared with //. 
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Theorem 3.1. For any q, fi q is a homology cobordism invariant. In other words, we 
have 

V q -.U g , n -^{FIF q f<> +n -\ 

Proof. Suppose W is a homology cobordism between homology cylinders 
and (M ', i ' + , i'_). The diagram below is commutative where the right maps are induced 
by natural inclusions. In W, i + (z) and i' + (z) are identified, and i_(z) and i'_(z) are 
identified for each 2 G £. Hence X(M) k G m(M) and A (M') k G tti(M') correspond to 
the same element of 7 Ti(IT). 


ni(M) 



ni(M') 


Since all the homomorphisms of the diagram induce isomorphisms on 7Ti(—)/7Ti(— ) q , 
in F/F q . □ 

Now, we investigate the well-definedness of fi q and the effect of change of generating 
sets. 


Proposition 3.2. The invariant fi q is independent of the the choice o/{o !; } and de¬ 
pends only on (the basepoint * of £ and) the (ordered) generating set {a^, nij, lj}i< n ,j<g 
o/tti(£, *). 

Proof. Let x i = [a x ■ fa ■ of 1 } = [o' • (3[ ■ a'r 1 } for paths / ->■ I/dl ^ d i 

and a i ,a' i from * to /^(O), /3'(0), respectively. We may assume = (3[ since A(— ) i is 
unchanged under connecting a path in d i to Oj. The loop (a, ; • (I i • a~ 1 )(a' i ■ (if 1 ■ a'~ x ) 
is a null-homotopic, and [[a' _1 • a,], [/3J] = 1 in the free group 7 Ti(£,/^(O)). Thus 
[ot^ 1 • aj = [/3,] fc for some k. Therefore ol . 1 and cJ i determine the same A (M) i G 7Ti (M) 
for each homology cylinder M. □ 


Proposition 3.3. Let A = {x i ,mj,lj}i <rit j< g and B = {x^, m), lb}i< n ,j<g be gen¬ 
erating sets o/7Ti(£,*) =: F and 7Ti (£,*') =: F', respectively, such that x i and x\ 
are homotopic to a boundary component. Suppose fi q ,fi q \ Ti g , n —> (F/F q ) 29+n ~ l are 
the extended Milnor invariants with respect to A and B, respectively. Then there ex¬ 
ists a bijection f: (F/ F q ) 2g+n ~ 1 —> (F/F q ) 2g+n ~ 1 which makes the following diagram 
commute: 

Hg,n 

(F/F q ) 2g+n ~ l --->■ (F'/F() 2g+n ~ 1 




Proof. Let 


{z 1 ,...,z n _ 1 ;z' 1 ,...,z'-,z , ( 


,<) G (F/Fq) 29 ^- 1 . 


We can assume * = *' by the following claim: 

Claim. Suppose * ^ *' and {x t , trip lj} be a generating set of ^(E, *). Then there are 
a generating set {aof 7Ti(£,*') and a bijection / making the above diagram 
commute. 
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To prove the claim, we consider two cases: 

Case 1. * and *' are in the same boundary component. 

Choose a path 7 from *' to * in the boundary component, and let {x[, to', /'} be 
the generating set of 7 Ti (E, *') induced by 7 -conjugation. Then fl q is unchanged, 
i.e. / = id. 

Case 2. * and *' are in different components. 

We may assume *' G d\. Then x\ = [a 1 ■ /3j ■ 1 ] for some paths ay from * to *' 

and /3 X : T —>- I/dl d x with ^(0) = *'. Let 7 be aj -1 . For the isomorphism 
(j>\ 7 Ti(E, *) —► 7 Ti(E, *') induced by 7 -conjugation, let x\ = </>([<9 ra ]), 2 ;' = 4>(x i ) 
for i = 2,... ,n — 1 and to' = (f>(rrij), /' = for j = 1,... , 3 . Define a 
function /: {F/F q ) 2a+n ~ 1 (F'/F ') 2 ^”- 1 by 

/O) = z 2 z^,. . {ftij Zi mj 1 z'j 2 j -1 )j < s ; {IjZ^z'-z^ 1 )^), 

then it gives the commutative diagram. 

Now we prove the proposition with the same basepoint * = *' and F = F'. By 
reordering, we may assume that x i is homotopic to ( 2 ;') ■ We can choose paths a, ; 
and a' with the same endpoints such that 27 = [a i ■ j3 i ■ a” 1 ] and x\ = [a' • • a' -1 ] 


for /3, ; : / -> I/dl 


Let 7 i = [a i ■ a' x ], 7 ' 

= m j m 'j 1 

and 7 " 

7* = w i (2J 1 ,...,a; n _ 1 ;TO 1 ,. 

• • 5 ^g 5 ^ 1 5 • 

• • 3 lg )3 

cA 

II 

AA 

H 

H 

S 

. . , 77 lg , 1 ■ 


cd. 

II 

Ay 

H 

H 

3 

• • • } li 



l l’~ x 
Vi > 


and let 


be the words in x i ,rrij,lj (i < n,j < g). Suppose ip: (F/F q ) 2g+n 1 —► ( F/F q ) 29+r 
is a function defined by 


z i i->- z i 1 x i z i ; 


z'j 1 —^ z'j 1 rrij ; 


.:'/ H7 '/,. 


Define /: {F/F q ) 2g+71 


(F/F 9 ) 2s+n_1 by 


/(*) = (b (7$ <*%&(*))) j<g)- 

The verification that the diagram commutes is left to the reader. A similar construction 
gives the inverse of /. It follows that / is bijective. □ 

Therefore, determines jlf(M) and vice versa. 


3.2. Garoufalidis-Levine homomorphisms on % 3 ,n 

Garoufalidis and Levine defined the homomorphism r] q : T~L g p —>• Aut(F/F g ) to be 

(i+)*q 0 where (« ± )* g : F/F q -K\{M)/'K\{M) q as before. In the same way, 

a homomorphism g q : TLg^n —t Aut(F/F g ) can be defined. 

We compare rj q and jl q . From (1) and (2) in Section 

V q (~)(Xi) =/x g _i(-)r 1 ^M g -i(-)i, 

%{-){ m j) = and 

Hence, {g q _ 1 , g' q , g' q ) determines 77 , but the converse does not hold. For example, 
can be the class of x\ even though 77 (M) = id. In H g p or in Ker g 2 C 'H g , n , 
the triple (/x ? _i, g! q , /x") is equivalent to g q , by the following lemma: 


3.1 
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Lemma 3.4. For a homology cylinder M, if p 2 {M) i = 1 and [x i , p q _ 1 (M) i ] = 1 in 
F/F q , then p q _ 1 (M) i = 1. 

Proof. We will prove that if a £ F 2 and [x i ,a] £ F q then a £ F q _\. Consider the 
Magnus expansion of F into the algebra of formal power series in noncommutative 
2g + n — 1 variables X ±,..., X 2g+n _i 

M: F—> Z[[X l ,...,X 2g+n - 1 )} 

which sends the fc-th generator of F to 1 + X k . We order the generators so that 
M.{xf) = 1 + Xi. It is well-known that M (a) — 1 is a sum of monomials of degree 
> q — 1 if and only if a £ F 9 _i (see Section 5 in IMKS76) ). Let M(a) = 1 + Ylk> s 
for monomials h k of degree k. 

= 1 + ( Xih s — h s Xf) + ^(monomials of degree > s + 1). 

Since [a:,, a] £ F q , deg (Xih s — h s Xi) = s + 1 > q and s > q — 1. Thus, a £ F q _\. □ 

On 1-Lg y n , is equivalent to {r) q ,/i q ), namely, the invariant fi q can be thought just 
as a combination of p. q and rj q . 

We consider the image of rj q . For g > 0 and n> 1, let 

Aut 2 {F/F q ) :={0 £ Aut {F/F q ) \ ^{xf) = p,~ 1 x i p, i for some /q £ F/F 9 _i 

and there is a lift F/F q+1 F/F q+1 such that 4>{[d n ]) = [d n ]}. 

Proposition 3.5. Let M be a homology cylinder. Then r] q (M) £ Aut 2 (F/F q ). 

Proof. Since rj q+1 (M) is a lift of T] q (M) on F/F q +i, it follows from r] q+1 (M)(\d n ]) = [dj 
and (3). □ 

Remark 3.6. When n = 1 or g = 0, the image of rj q is known: 

(1) In IGL05) . it was shown that rj q : TLg t \ —> Auto(F/F g ) is surjective where 

Aut 0 (F/Fq) := {<f> £ Aut (-F/Fq) | there is a lift F/F ?+1 F/F q+ i 

such that </>([<9J) = [<9 n ]}. 

(2) In 1HL98I . it was shown that r / q : 7io,n -* Auti(F/F g ) is surjective where 
Aut i (F/Fq) := {(j) £ Aut (F/Fq) | ^{xf) = p,f 1 x i p, i for some /q £ F/F 9 _ | 

and </>( x 1 ■ ■ ■ x n _ x ) = x 1 ■ ■ ■ x 

It remains an open question whether rj q : TLg^n —> A\it 2 {F/F q ) is surjective. 

3.3. Crossed homomorphisms 

We remind the reader that fi q : P g .n —> (F/Fq) 29+n_1 is not a homomorphism, although 
rj q : H g ,n Aut (F/F q ) is a homomorphism. However, we have a product formula as 
follows: 

Proposition 3.7. Let M and N be homology cylinders over S. Then, fi q is a crossed 
homomorphism on TLg^n in the sense that each coordinate jd q (—) k satisfies 

fi q {M ■ N) k = fi q (M) k ■ rj q (M)(fi q (N) k ) 
for k = 1 ,..., 2g + n — 1 . 
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Proof. Let %m '■ M —► M ■ N and ijq : N —> M ■ N be the natural inclusions. Then 
■ (N,j + ,j_) = (.M Uj_ o(j+ )-i N,i m ° i+,iN ° 3-) and 
A (M ■ N) k = (* M ).(A(Af) fc ) M*(A(A0fc) in MM ■ N). 


M 



N 


The above diagram commutes and all the maps induce isomorphisms on 7Ti (—) q . 
Thus 

P q ( M ■ N )k = (*m o i + )- x (A(M • N) k ) 

= (i+)*- 1 o (* w )- 1 ((*w).(A(M) fc ) M*(A(7V) fc )) 

= (i+)” 1 (A(M) fc ) (( i + )f q o (i M )f q o {i N )* q ){K N )k) 

= MgWfc ° (*-)*q ° (i + )r g 1 )(A(A r )fc) 

= MgOOfc (v q (M) o (j+)*q)(M N )k) 

= Mg {M)k V q {M)(fl q ( N )k)- □ 

In the remaining part of this paper, as an abuse of notation, we also write i ± and 
A (M) k for i M °i± and (*M)*(A(M) fe ), respectively. 

From the above proposition, we obtain some properties of fi q : 

Corollary 3.8. 

(1) For a homology cylinder M, fi q {—M) k = g q (M)~ 1 (fi q (M) k 1 ). 

(2) The kernel of ja q (—) k is a subgroup of TL for each k. Moreover, ker ji q is a 
normal subgroup of hi. 

(3) fi q is a homomorphism on Ker r] q , and jl is a homomorphism on p| ? Ker r] q . 

(4) fi q is a homomorphism on Ker or more generally, on Ker/x 2 nKer?y 9 _i. 

Proof. (1) easily follows from fi q {M ■ M~ 1 ) k = 1. For (2), let M and N be homology 
cylinders over £. First, if fi q (M) k = 1 = fi q {N) k , then ft q (M ■ N~ 1 ) k = 1. Next we 
check that if fi q {M) k = 1 for all k, then fi q (N ■ M ■ N~ 1 ) k = 1: 

fi q {N ■ M ■ N~\ = Mg ( N )k %(N)(jl q (M) k r] q (M)(fi q (N~ 1 ) k )) 

= Mg ( N )k ( N Mk) due to Mg ( M ) = 1 

= ji q (N) k rj q (N) (i? g (N')- 1 (/t g (iV)^ 1 ) by (1) 

= Mg (N)k Mg (A),: 1 

= 1. 


(3) follows directly from Proposition 3.7 


For (4), we need the following algebraic fact: for a group G, if an automorphism of 
G/G q induces the identity on G/G q - 1 , then its restriction on G'i/G q is also the identity. 
We give a proof: from the hypothesis, for such an automorphism <f> and g £ G/G q , 
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(f(g) = 9 a f° r some a £ G q _\/G q . Since G g _i/G g is in the center of G/G q , the 
automorphism restricted on G 2 /G q is the identity. From the algebraic fact, we obtain 
the desired conclusion since r] q _ 1 (M) = id and jl q (M) k £ F 2 /F q for M £ Ker/i^ or 
Ker fi 2 H Ker rj q _ 1 . □ 


4. Several subgroups and filtrations of 


4.1. Filtrations via extended Milnor invariants 


We introduce a filtration of TL 

• • • C U{q + 1 ) C n{q) C ~H(q — 1 ) C • • • C U{ 2) C H(l) = U 
where TL(q) is the normal subgroup Ker fi of TL, by Corollary 


3.8 


2 )- 


Comparing with TL[q\ := Kerr^, we have TL(q) C TL[q\. For n = 1, the two filtrations 
are the same. 

In |Lev01j . Levine showed that there is an injective homomorphism from the framed 
g-string link concordance group "Ho, g +i to TL g .i and that it induces injections be¬ 
tween the successive quotients of the filtration {% 0 , g +i(< 7 )} and those of the filtration 
{F[g : i[q\}. We generalize this to TL g , n as follows: 

Theorem 4.1. Suppose 1 : E gj „ ^ ^g',n' is an embedding (n, n' > 1). Then it induces 
a homomorphism i: TL g ^ n —t TL g ^ n ' and afunctionf: (F/F g ) 29+n_1 —> (F'/ F q ) 2g ' +n> _1 
which make the following diagram commute: 

u ® 

FL'Q.n 


n a 


(F/Fqf 9 ^- 1 (F 1 /F') 29+n '~ 1 


where F = 7 Ti(E 9ira ) and F' = 7 Ti(E g >, n ')- Moreover, if each component of£ g i — E gj „ 
has at least one closed boundary, then f is 1-1, and hence p, q (i(M)) determines p q (M ) 
for every M £ hi g ,n- If in addition, at most one component of E g i n i — E fl „ has a 
disconnected intersection with E gjn , then i: TL g , n —> T~Lg',n' is injective. 


Proof. We simp ly write E := E gjn , S' := E g / jn / and TL := TL gi n, TL' := TL g <y ■ By 
Proposition 3.3 we may assume that the generating sets of F and F' are as follows. 
We can assume that each component of <9E maps to either the interior of E' or the 
boundary of E'. Let S r be a component of E' — E, which is a surface of genus g r with 
a r boundaries on S r (~1 E and n r boundaries on S r — E. 

Step 1. Choose basepoints * of E and *' of E'. 

To define fi q , we should choose basepoints on boundaries of the surfaces. There are 
two cases: 


Case 1. Two basepoints can be chosen as the same point, i.e. there is a common bound¬ 
ary of E and E'. Choose * = *' on the boundary. 

Case 2. Two basepoints cannot be chosen as the same point, i.e. there is no common 
boundary of E and E'. Then, at least one S r has a boundary of E'. Choose * 
and *' in the same S r . Choose a path 7 from *' to * in the S r for later use. 

Step 2. Choose a generating set for F. 
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We fix a generating set for F as in Section [3] Denote the generators corresponding 
to the boundaries of S r fi E by x k and the other generators by y s . 

Step 3. Choose a generating set for F'. 

First we will choose a generating set of 7 Ti(E 7 , *). Note that x r k = [a r k ■ f3 k • (o^.) -1 ] for 
a closed path f5 k onto the corresponding boundary and a path a k from * to (3 k (0). Let 
«* : F —> 7 r 1 (E', *) be the map induced by i. We choose y' s := i*(y s ). Now we select the 
other generators of 7 Ti(E 7 , *) with regard to S r . We consider two cases (see Figure [2]) : 
Case 1. S r $ * 

Choose generators of wi(S r , a r (l)) corresponding to the n r boundary compo¬ 
nents of E 7 in S r and the g r handles of S r as in Section [3j and conjugate them 
by a\ so that we obtain generators x'[, m'f, I'f of 7 Ti(E',*) for i < n r and 
j < g r . Let m'g r+k := i*(x r k ) and l' g r r+k := [a r k ■ Y k ■ (“fc+i) -1 ] for a path Y k 
from a r k (l) to a r k+l {\) in S r and k = 1,..., a r — 1. 

Case 2. S r B * (and *') 

Choose generators of 7 Ti( 5 r , *) corresponding to the n r — 1 boundary compo¬ 
nents of E 7 in S r except the one containing * 7 , and those corresponding to the 
g r handles of S r as in Section[3j They give generators x ’[, m 77 ", VJ of 7 Ti(E 7 ,*) 
for i < n r - 1 and j < g r . Let m' gr+k := i*{x k ) and l'g r+k := [a k ■ (l^) -1 ] for a 
path Y from * to a k ( 1) in S r and k = 1,..., a r — 1. 

We define a set A r := {x'f, m' J r , l'j~, m'g r+k ,l'g r+k }. Then ((J r A r ) U {y' s } is a generating 
set for 7 t 1 (E 7 ,*). If * ^ replace all the generators by conjugation by 7 to obtain a 
generating set for F'. Note that we have 1 #: F 7 Ti(E 7 , *) F' where the latter is 
induced by 7 -conjugation. 



Figure 2. S r and paths to choose generators of F' in Step 3. 


Now we define /. We use the following indexing convention for coordinates of 
elements of (F/F q ) 2g+n ~ 1 , using generators of F. Recall that the generating set 
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{x r k , y s } r ,k,s has been ordered to define y q {—) k using the fcth generator. If a £ {x k ,y s } 
is the fcth generator, we call the fcth coordinate of an element in (F/F q ) 29+n ~ 1 the 
coordinate associated with a. 

The map / can be defined coordinatewise as follows. Let 2 € (F/T' g ) 2s+n_1 . 

(1) The coordinates , rf? , r]'- r of f(z) associated with x'[ , m' r , I'J are determined by 

the coordinates z t of 2 associated with x[ for all i. j. 

Case 1. S r $ * 

Vi = V'j = [m'j , *#(^i) _1 ], Vg r +k = [m'g r+k , i#(z k )~ l ], 

vT = [iTMzir 1 ], vZ+k = il+k *#(**+ 1)- 1 K+k)- 1 


for i = 1 ,... , n r , j = 1,... ,g r , and fc = 1 ,..., a r — 1 . 

Case 2. S r 9 * 

If a r > 1, then iV'[ ,v'g T +k’Vj r are the same as Case 1, and V g l+k = l #( z k) 
for i = 1,..., n r — 1, j = 1,..., g r , and fc = 1,..., a r — 1. If a r = 1, then all the 
coordinates associated with x'£ , m' r , VJ are 1 for i = 1 ,..., n r — 1 , j = 1 ,..., g r . 
(2) The coordinate y s of f(z) associated with y' s is determined by the coordinate z s of 
x associated with y s . 

V s = *#(^ s ) for all s. 


Remark that / is not a homomorphism. From the definition of /, it is 1-1 if n r > 1 
for all r and is injective. If every n r is nonzero, then 1 # is injective. Therefore, if 
every n r is positive, then / is 1-1. The verification that the diagram commutes is left 
to the reader. 

Suppose at most one a r is bigger than 1. To prove *: Vi —>■ T~C is injective, we claim 
that there is a function j: Vi' —> Vi so that Jo i = id%. The surface S' is obtained from 
E by attanching 1-handles to a collar neighborhood of S r n E. This allows us to extend 
id x ^ I I 

E- > E x I to an embedding j: E 4 E x I. For example, see Figure mI We define 



J(M') as the manifold obtained by cutting Ex/ open along j(E') and filling in it with 
M'. It is easy to check that J: Vi! — >■ Vi is well-defined. We obtain the injectivity of 1 
from joi= id-^. □ 

Whenever / is 1-1, 1 induces injections H(q — 1)/H(q) 7~L'(q — 1)/H'(q). By 

considering the cases of ( g , n) and (</, n') for which there is an injection Vi gi n —> 'H g >,n', 
we obtain the following corollary. Note that if T, g , n C E g / jn /, then g < g'. 
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Corollary 4.2. For any two pairs (g , n ) and (g' , n') satisfying g < g' and g+n < g'+n', 
there is an injective homomorphism 

U g ,n 5 —s> H g' ,n' i 

which induces injections 

T-Lg,n{q - 1 )/'Hg,n{q) * 1 2 -> 'Hg',n’{q - l)/Ug',n'{q) 

for all q > 2. 

Proof. There exists an embedding i: E 9i „ c —^ E s / >n / such that both / and z are injective: 

E g / jn / — E fli „ = S i is connected, and if n > n', ai = n — n' + 1, n\ = 1, and g r = 
g' + n! — g — n; otherwise, ai = 1, ni = n' — n + 1, and g r = g' — g. The conclusion 
follows from Theorem 14.II □ 

The following theorem gives more information on the group H(q — 1 )/ji{q) directly 
via fi q : 

Theorem 4.3. 

( 1 ) fi q induces an injective homomorphism 

ji q :H(q-l)/H(q) ^ {F q _x / F q f a + n ~\ 

Hence T~L{q — 1 )/‘H(q) is a finitely generated free abelian group. 

(2) We have 

max{r g ( 2 g), r q (g + n — 1)} < rank H(q - 1 )/'H(q) < r q (2g + n— 1) 

where N q (m) = 7 12d\q <p(d)(m q / d ), ip is the Mobius function and r q (m) = 
mN q _\(m) — N q {m). 

Note that 

N q (2g + n — 1) = rank F q /F q+ i and 

r q (2g + n — 1) = (2g + n — 1) rank F q _i/F q — rank F q /F q+ 1 
= Coker {H 3 (F/F q ) —► H 3 (F/F q _i)}. 

We remark that the facts 

rank H g> i(q - 1)/H g ,i (<?) = r q {2g) and 
rank H 0 , n (q - l)/Ho,n{q) = r q {n - 1 ) 
were shown in 1GL05 ; and |Orr89j . respectively. 

Proof. (1) Since fi q : ji{q — l) —► (Tjj_i/F 9 ) 29+n_1 is a homomorphism, for M, N € 
H(q — 1), [M] = [N] in H(q — 1)/H(q) if and only if p q {M) = p. q {N). The 
well-definedness and the injectivity of the map follow. 

(2) Consider the map 

p: (F q -x/F q ) 2a+n ~ 1 > F q /F q +i 

n— 1 g 

( a i, • • •. «n-i A, ■■■,b g ,c 1 ,...,c g )> — [x^ a*] n^> bj]i b j’ 

i=l j=l 

This p is a surjective homomorphism, and the kernel has rank r q (2g + n — 1). 
For the upper bound of the rank of 'H(q—l)/'H{q), we claim that p°fi q is trivial 
on H(q — 1). For any homology cylinder M, rj q (M) fixes [<9J for all q. Using 
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the generating set of F in Figure [lj the element [<9 ra ] = EL, A {-j\ e A. 

For M e H(q - 1), r] q+1 (M)([d n }) = [d n ] is arranged to 

i j 


Therefore poft, q = po(/i g ,/i' ? ,/i") is trivial. The lower bound comes from Corol- 
and the known ranks of 'H g ^i(q — l)/'H s ,i(Q f ) and Ho^^q — 1 )/^o, n{q) 


lary 


4.2 


|GL05110rr89j stated above. 


□ 


We def ine 7-^° [g] := {M 
Corollary 


3.8 


£ H[q] | /.i 2 (M) = 1}. Then it is a subgroup of H by 
and Td{q) C %°[g] C H{q - 1) by Lemma 


filtration {'H(q)} of "H as follows: 


3.4 


Thus we can refine the 


C H(q) C H°[q} C H(q - 1) C H°[q - 1] C • • • C H( 2) C U°[ 2] C 1) = H 


Consider two injections g q and (ia' q ,fi q ) from the injection jl q as follows: 


/V 


n°[q] 

U(q) 


(Fq-l/Fg )™- 1 


Mb?%^^(F q -r/F q ) a ' 

The two subquotients of T~L are also finitely generated free abelian, and there is an 
isomorphism 

H(g-l) U{q- 1 ) H°[q] 

n(q) H°[q] H(q) ’ 

which is not canonical. 

In the remaining part of this section, we introduce some notions analogous to the 
boundary (string) links and the F'-(string) links. 


4.2. Boundary homology cylinders 

As a generalization of boundary (string) links, we define boundary homology cylinders. 

Definition 4.4. A homology cylinder (M, i.,i_) over E is said to be a boundary 
homology cylinder if there exists a homomorphism <f>: ni(M) — > 7 Ti(E) such that <f> o 
(* + )» = id = (f> o (*_)* and <^>(Aj) = 1 for all i. 

Geometrically, the boundary homology cylinder M can be defined to be a homology 
cylinder such that there exists ip: M —> E making the left diagram below commute. 

i7 1 LliI 1 V 1 

dM ->- E *+( S ) -^ E 

^ y p y 

* j / 

M M 

Let be a homology cylinder. We consider splittings <f> + and cf>_ of (« + )* 

and (*_)*, respectively. Note that <p, exists if and only if ip + exists in the above right 
diagram. The existence of <p + does not imply that of </>_. Even if both <j> + and </>_ 
exist, they can be different. Suppose <j> + exists. Then r] q (M) is trivial if and only if 
4> + is also a splitting of (*_)„ due to f]F q = 0. However, such a common splitting of 
(*_l_)* and («_)* does not guarantee that the homology cylinder is a boundary homology 
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cylinder. Such an example can be found by considering homology cylinders of the form 
(Ex// ~, id x 0, id x 1 o ip) with nonvanishing p q , where <p is a composition of Dehn 
twists about boundaries. The condition c/>(Aj) = 1 for all i, or equivalently all p vanish, 
is necessary to satisfy the geometric definition of the boundary homology cylinder. In 
conclusion, we have the following: 

Proposition 4.5. A homology cylinder M is a boundary homology cylinder if and only 
if the following hold: 

(1) There is a splitting of (*,)* or (*_)*. 

(2) fi(M) vanishes. 

The subset of boundary homology cylinders are closed under the multiplication and 
inverting (=orientation reversing and changing two markings) of C g ^ n , but a homology 
cylinder which is homology cobordant to a boundary homology cylinder may not be a 
boundary homology cylinder. (For example, |Smy65| provides such a string link.) We 
define BTL to be the subgroup of homology cobordism classes of boundary homology 
cylinders. 

Remark that for a framed string link a in a homology 3-ball, its exterior E a is a 
boundary homology cylinder if and only if its closure a is a boundary link and the fram¬ 
ing of a induces the 0-framing of a. It follows from that = m(E cr )/((i + {x i ) = 

4.3. F-homology cylinders 

We define F-homology cylinders as an analog of the F'-(string) links. Here G means 
the algebraic closure of a group G with respect to Z-coefficient or Z( p )-coefficient in 
the sense of |Cha08| . The former was called the HE- closure in [Lev90 . For both Z 
and Z(p), everything in this paper holds. 

It is known that for CW-complexes X and Y with finite 2-skeletons, if X —> Y 
is 2-connected on the integral homology, then it induces an isomorphism on 7Ti(—) 
[Lev891 IChaOSj . Hence the markings E —► M for a homology cylinder M induce 
isomorphisms F tti(M). 

Definition 4.6. A homology cylinder M is called an F-homology cylinder if X k £ 
tti(M) vanishes in tti(M) for every k = 1,..., 2g + n — 1. 

Note that M is an F-homology cylinder if and only if*: E —> M induces an isomor¬ 
phism on 7 Ti(—). This can be shown using properties of the algebraic closure functor 
(see the proof of ('ha 10 . Proposition 6.3]). The A-homology cylinders form a subgroup 
of Wg : n, by the following lemma: 

Lemma 4.7. 

(1) The product of two F-homology cylinders is an F-homology cylinder. 

(2) If M is an F-homology cylinder, then {—M) is also an F-homology cylinder. 

(3) A homology cylinder which is homology cobordant to an F-homology cylinder 
is an F-homology cylinder. 

(1) Let M = (M,i + ,i_) and M' = {M\ i' + , i'_) be F'-homology cylin¬ 
ders. By the Seifert-van Kampen theorem, 7 Ti(M • M') is the pushout of («_<_)* 


Proof. 
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and and A (M ■ M') k is the product of A(M) fc and A {M') k in n 1 (M ■ M'). 

All A(M • M') k vanish in 7 ti(M ■ M ') by the following commutative diagram: 


(O. 


7Tl(S)--- : -^7Tl(M) 

(*+)* 7r l(^)-1- s “7T 1 (M) 

y 

ni(M') -if- t 1 {A/ • M 7 ) 

ttTCM 7 )-^ 7T1 (MA/') 


(2) It is obvious since X(—M) k = ^(Af),. 1 in 7 Ti(M). 

(3) Let and (M 'be homology cylinders. Suppose M is an F- 

homology cylinder and W is a homology cobordism between M and M'. Con¬ 
sider the commutative diagram below. 

i,Ui_ 

Yj Y — 5 *- M 

p p 


M' c ->- 


Y 

w 


We should check that the elements A (M') k of tti(M') vanish in 7 Ti(M). Both 
A (M) k and A {M') k come from the same element of 7 Ti(£Uo£) along (?' + U*_)* 
and (i' + U i'_)» so they are mapped to the same element along isomorphisms 

7Ti(M) 7Ti (W) Y— tti(M') induced by inclusions. Since A {M) k vanishes in 
7 Ti(M) for all k, so does A (M') k . □ 

We denote the subgroup of F-homology cylinders by H. 

Levine defined a notion of an f-link using his algebraic closure which involves a 
certain normal generation condition in |Lev89| . We denote Levine’s algebraic closure 
by G Lev to avoid confusion. The definition is as follows: a link L is called an F-link 

—-—-Lev 

if a meridian map into link exterior El induces an isomorphism on 7Ti(—) and the 

--—- Lev 

preferred longitudes vanish in iti(El) ■ In this paper, we use a modified definition 
by replacing G Lev by our G as in (ChalOj . Levine’s F-link is an F-link in our sense, 
though the converse is open. 

For a framed string link er in a homology 3-ball, its exterior E a is an F’-homology 
cylinder if and only if its closure a is an A-link (in our sense) and the framing of cr 
induces the 0-framing of er. It follows by considering 

^l{E a ) -» 7Ti(^) -» r K\{E a ) = 7Ti(F; CT )/((A i )) 
where E& is the exterior of the link a. 


Remark 4.8. 

(1) Since a boundary homology cylinder is an F’-homology cylinder, BTL C Ti. In 
general, the inclusion is strict because it is known that there are A-string links 
which are not concordant to any boundary string link |C093| . 
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(2) j~L C 'H(oo), but we do not know the converse. This question is a homology 
cylinder version of a long-standing conjecture that a link with vanishing p- 
invariants is an A-link in the sense of Levine. 

(3) For the mapping class group M over E, we note that M. ft 7i( oo) = 0. This 
may be used to find links which are not fibered but homologically fibered as 
in [GSl3l . 


5. Hirzebruch-type invariants 

We review some definitions in IChalOl lCha091 . Let X be a CW complex. A tower 

X (h) —►-> A (1) —> X m = X 

of covering maps is called a p-tower of height h for X if each X^ t+3 \ —► is a 

connected cover whose covering transformation group is a finite abelian p-group. For a 
power d of p, a Zd-valued p-structure of height h for X is a pair ({Aq t )}, tp ) of a p-tower 
of height h for X and a surjective character <f>: ni(X^) -» Zd- We omit the word 
“Z^-valued” from now on. A p-structure of height h is equivalent to a p-tower of height 
h + 1 such that the (h + l)st cover is a Z^-cover of the hth cover. For a p-structure 
of height h for X, we usually denote by X^ h+ -p\ the Z^-cover of the top cover X^ 
determined by <j>. 

We recall the definition of the Hirzebruch-type intersection form defect invariant 
[ChalO . Definition 2.2]. Let T be a p-structure },(/>) of height h for a closed 

3-manifold M. Suppose r(M(h),<j>) = 0 in the bordism group Cl 3 (BZd) for some r > 0. 
Then there is a 4-manifold W bounded by rM over <j>. Choose a subring 72 of Q 
containing 1/r. Define 

A(M,r) = ^0 ([Aq (c ,)(W)] - [Aq(W)D £ 72 0 Z L°(Q(Cd)) 

where [Ajc(W)] is the witt class of the 7C-coefficient intersection form of W for a held 1C. 

Note that since fl 3 (BZd) = H 3 (Zd) = Z d, some multiple of a closed 3-manifold over 
Z d is zero in the bordism group. 

Lemma 5.1 (Lemma 4.4 in (ChalO] '). For a p-structure </>) of height h for a 

closed 3-manifold M, if Hi(M^)) is p-torsion free, then is null-bordant over 

Zd so that A(M,T) is well-defined as an element in L°(Q(Cd))- 

Proof. The character <p: tti(M^) Zd factors through Z if Hi(M( h )) is p-torsion free. 
Since € Im{fl 3 (BZ) —> fi 3 (BZd)j and fl 3 (BZ) = H 3 {Z) = 0, = 0 

in Cl 3 (BZ d ). □ 

For a homology cylinder M, recall that there is an associated closed 3-manifold M, 
the closure of M. For each p-structure T for M, A(M, T) is dehned. We want to define 
invariants parametrized by the p-structures for the base surface E rather than those for 
M, and hope that the invariants are homomorphisms of (subgroups of) the homology 
cobordism group 7C To do this, we first investigate how to determine a p-structure for 
M from a given p-structure for E. 
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5.1. p-structures and p-tower maps 

A map /: X —> Y is called a p-tower map if it gives rise to a 1-1 correspondence 
{p-structures for Y} —► {p-structures for X} 

via pullback. For a more precise description, we recall the definition of the pullback 
cover. For a covering map p: Y —> Y and a map f\X->Y, the space X = {(a;, a) £ 
X x Y | /( x) = p(a)} is called the pullback cover of A' by /. The canonical projection 
map X —► X is a covering map. We note that the fiber of the pullback cover is 
homeomorphic to that of the original cover. For a map A' — > Y and a p-tower for Y, 
if we take the pullback covers inductively, then we get a tower of p-covers of A', but 
some covers may be disconnected. Hence $f is well-defined only when all the pullback 
covers are connected and the induced character is surjective. 

It is known that if X and Y have finite 2-skeletons, and if / is 2-connected or, 
more generally, induces an isomorphism on 7 Ti(—), then / is a p-tower map [ChalOl 
Lemma 3.7, Proposition 3.9]. Hence, for example, each marking S —► M of any homol¬ 
ogy cylinder M is a p-tower map. 


Definition 5.2. Let A and Y be CW-complexes. 

(1) A p-structure of height h for X is called a p-structure of order q if TT\(X) q C 
7 Ti(X( ?l+1 )), viewing TTi(X^ h+1 \) as a subgroup of tti( A), via the injection in¬ 
duced by the covering projection. 

(2) A map X —» Y is called a p-tower map of order q if it induces a 1-1 correspon¬ 
dence 


: {p-structures for Y of order q} —»• {p-structures for X of order q) 
via pullback. 


Note that the defining condition in Definition 5.2 (1) is independent of the basepoints 
of X and X( h+1 y 

We need an algebraic lemma. 


Lemma 5.3. For a finitely generated group G, suppose there is a subnormal series 
■ •<G ! n)<iG(o) = G whose factor groups are abelian p-groups. ThenGy) contains 
G q for some q. 

Note that if Gy) were a normal subgroup of G, then the conclusion would be imme¬ 
diate from that any p-group is nilpotent. We give a proof for the above general case at 
the end of this section. 

Let X and Y be CW-complexes with finitely generated fundamental groups. By the 
lemma, 

{p-structures for X} = |^J{p-structures for X of order q}, 

9 

and X —> Y is a p-tower map if and only if it is a p-tower map of order q for all q. 

Lemma 5.4. Let X and Y be connected CW-complexes whose fundamental groups 
are finitely generated. If f: X Y induces a surjection on 7Ti(—)/7Ti (—) q , then <f>f 
between p-structures of order q is well-defined and 1-1. 

Proof. For the well-definedness, we should check that pullback covers are connected 
p-covers. Use induction on t > 0. Suppose there exists a unique Yu) such that the 
pullback cover is Xw, and Xy) is connected. Let Yy +1 \ be determined by 7 Ti(F( t )) -» 
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Pit)- Since the homomorphism factors through 'K\(Yu'^)/'K\{Y) q , the composition map 
niiX^) —> also factors through ni(X( t ' ) )/ni(X) q -» 7 r 1 (Y( t ))/ 7 r 1 (y ) 9 and is sur¬ 

jective. Hence the pullback cover -Y(*+i) is a connected cover of AW whose cover 
transformation group is Fp). The map ni(X^) —» Tp) which determines Xn\ factors 
through 7 Ti(X(i))/ 7 ri(X) g -» 7 ri(Yp))/ 7 Ti(y),j. Hence it determines 7 Ti(Yp)) -> Tpj 
uniquely. Therefore Yp +1 ) whose pullback is Ap +1 ) is unique. □ 


Applying this lemma to the marking i: E —>• M of a homology cylinder M, < I>; is 
always well-defined and 1-1. We write instead of Now, we investigate when a 
p-structure T for E determines one for M, in other words, when T £ Im m■ If it is 
the case and the top cover of M is r-torsion in ST 3 ( BZd ), we can define 


A r (M) :=A(Af, ($ m )- 1 (T))€Z 


L°m<Zd)). 


From now on, let ({Ep)},</>) be a p-structure T for E, and F p) = 7 Ti(Ep)). 


Lemma 5.5. Let F be a p-structure of height h for E of order q. For a homology 
cylinder M , T £ Imi>M if and only if fi q (M) k £ F^+^/Fq for all k. 

Proof. For 0 < t < h, suppose there is M( t ) corresponding to E( t ) (and We 

shall prove that exists whose pullback cover is S(t+i) if and only if fi q {M) k is 

in F( t+1 )/F g for all k. Since E —> M is ap-tower map, we have F( t ) —> m(M^) -» Tp) 
which determines F(t+i) and Mp +1 p All fi q {M) k are in F( t+1 )/F g if and only if all 
A (M) k are in 7Ti(Mp +1 )), i.e. all A (M) k vanish in Tpp It means that 7 -» Tw 
factors through 7Ti(Mp)), or equivalently, exists. The assumption is true for 

t = 0, and this completes the proof by induction. □ 


Theorem 5.6. Suppose M is a homology cylinder. 

(1) i: E —► M is a p-tower map of order q if and only if p, (M) vanishes. 

(2) i: E — > M is a p-tower map if and only if p(M) vanishes. 

Proof. (1) By Lemma [5. 5 1 <1 >m between p-structures of order q is surjective if and 
only if p q (M) k £ f] G G/F q for all k, where G/F q ranges over all subgroups of 
F/F q such that the index [F : G] is a power of p. Thus, it suffices to show that 
P| G G/F q is trivial. From the fact that F/F q is a residually p-group [ Gru57 l. 
P a G/F q is trivial. 

(2) This follows directly from (1). □ 

From the proof of the theorem, we give a weakened condition for a map to be a 
p-tower map: 

Theorem 5.7. Let X andY be connected CW-complexes having finitely generated fun¬ 
damental groups. Suppose a map f: X —> Y induces a surjection /* on )/ti (—) q . 
If f t is injective, then f is a p-tower map of order q. Moreover, if ni(X)/TTi(X) q is a 
residually p-group, then the converse is also true. 

We remark that this proposition can be applied to meridian maps of (string) links. 
This gives the affirmative answer to the question in [ ChalO l Remark 6.4]: “if L is a 
link with vanishing /2-invariants, then is a meridian map into the surgery manifold of 
the link a p-tower map?”. Moreover, the converse is also true. 
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5.2. Homology cobordism invariants 


We study the homology cobordism invariance of Ay. 


Proposition 5.8. Suppose homology cylinders M and M' are homology cobordant. 
Then Ay(M) is defined as an element in Z[I] Cg L°(Q(Cd)) if and only if Ay(M') 
is defined as an element in Z[-] Cg L°(Q(Q)). In that case, Ay(M) = \q~{M') in 

z[f]®i°( Q(Cd))- 


Theorem |5.6| and Proposition |5.8| provide invariants of homology cobordism group 
of homology cylinders. More precisely, we have 

lM 


Ay: TL{q) —^ Z 


ld\ 


for each p-structure T for E of order q. 

To prove the proposition, we construct a homology cobordism between M and M': 
Lemma 5.9. Suppose homology cylinders (M,i,,i_) and (M,i' + ,i'_) are homology 
cobordant. Then there is a homology cobordism W between M and M' such that E -4 
M —> W and E -4- M' —\ W are homotopic. 


Proof. Let W be a homology cobordism between M and M'. We construct a 4-nranifold 
W from W by identifying tubular neighborhoods of z + (E) and i_(E) in the boundary 
of W. Then the boundary of W is M U M'. We remind the reader that E is the trivial 
homology cylinder for the next. Equivalently, W is obtained by attaching E x I to 
the tubular neighborhood of dM in the boundary of W such that dE x I = (tubular 
neighborhood of dM), dE x 0 C M and dE x 1 C M'. We need to check that the 
inclusion maps M > W and M' ^ W are homology equivalences. By comparing 
the Mayer-Vietoris sequences of (M, Ex 0) and (W, E x I), we obtain an isomorphism 
H*(M) —» H*(W) using the five lemma. Hence M 4 If is a homology equivalence, 
and similarly for M' ^4 W. The homotopy conclusion in the statement follows from 
the construction of W. □ 


Proof of Proposition \5. 8\ Suppose Ay(M) £ Z[A] (g> L°( Q(Cd)) is defined, i.e. there is 
a p-structure S for M such that = T and the top cover of M is r-torsion 

in Q 3 (BZd). Since M ^4 W and M' ^4 W are 2-connected, they are p-tower maps 
and so there is a p-structure S' for M' corresponding to S under the inclusion-induced 
bijections. From the homotopy conclusion in Lemma 5.9 it follows that = T. 

Hence Ay(M') is also defined. By applying [ChalOl Theorem 3.1], we obtain Ay(M) = 

Ay(M')eZ[i]®L°(Q(e d )). ' □ 


For later use, we recall two key ingredients of the proof of (ChalOl Theorem 3.1]: 
(Kl) Suppose X D Y are CW complexes with finite n-skeletons. If Hi(X, Y ; Z( p )) = 
0 for i < n, then HfiX, Y ; Z^) = 0 for i < n where X is a p-cover of X and 
Y is the pullback cover of Y by the inclusion Fsl [ChalOl Lemma 3.3]. 
(K2) If a 4-manifold X satisfies 

Im{/f 2 (^;Q) —> H 2 (X, (a subspace of) 9X;Q)} = 0 

for a Zycover X of X, then the Witt class of the Q(Cd)-coefRcient intersection 
form [AQyMX)] vanishes. 
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As in the proof of [Cha09l Theorem 2.4], to prove (K2), we use the fact that Q(( d ) is 
flat over Q[Z^]; by the universal coefficient theorem, 

H 2 (X-Q(Q)) = H 2 (X-Q[Z d })® Q[Zd] Q(Cd) 

= H 2 (X;Q) ®Q[z d ] Q(Cd)- 

Similarly for a subspace of 8X. Thus the condition implies 

Im{ff 2 (X;Q(C d )) —► H 2 (X,dX-,Q(Cd))} = 0, 
and [ A Q(Cd)P0] = 0- 

5.3. Homomorphism of homology cobordism groups 

In this subsection, we investigate the additivity of A 7-. For M,N in H(q) and a p- 
structure T for E of order q, we need to check whether Xj-(M)+X'r(N) — X'r(Ad-N) = 0. 
We will construct a cobordism V between M U N and _M • N such that if M and N 
are in 7i(q), then the inclusions from Ad, N, and M ■ N into V are p-tower maps of 
order q. After then, we will investigate when the difference of the Witt classes of two 
intersection forms, twisted and untwisted, of the top cover of V vanishes. 

For our purpose, we can use a “standard” cobordism V as in |Cha091 [CHH12] , The 
cobordism V is obtained from ((M,i + ,i_) U (N,j + ,j_)) x I by identifying product 
neighborhoods of ?'(E) and j( E) in (AdUN) x 1. Since the identification can be thought 
of as attaching E x / x / along the product neighborhoods, V can be obtained by 
attaching one 1-handle which connects M x / to N x I and (2 g + n— 1) 2-handles along 
simple closed curves on *(E)#b j(E) in M#N corresponding to i*{z) ■ (up to 

homotopy) where z ranges over disjoint simple closed curves representing x i . rrij and 
lj in Figure [TJ (# denotes connected sum and denotes boundary connected sum.) 
Then, by construction, we have the following property, which we state as a lemma: 

Lemma 5.10. For any homology cylinders M and N over E, there is a cobordism 
V between M U N and Ad ■ N such that the following diagram is commutative up to 
homotopy rel *. 


M 



M ■ N 


Note that Ad • N and N ■ Ad are homeomorphic, and the marking for Ad ■ N and the 
marking for N ■ M induce the same homomorphism 711(E) —> tti(A4 ■ N) = tti(N ■ Ad). 

Lemma 5.11. If Ad,N £ 7d(q), then all maps in the above diagram induce isomor¬ 
phisms on 7Ti(— )/ 7Ti (— ) q . Consequently , all the maps are p-tower maps of order q. 

Proof. It suffices to prove that the embedding Ad ■ N ^ V induces an isomorphism on 
7ri ( — )/ 7Ti ( —) q . Both 7Ti (M • N) and ni{V) are quotient groups of -k\(A d) *tti(N). The 
group 7 Ti(M • N) is the quotient by the normal subgroup generated by (*_)*(z)(j + )*( 2 -1 ) 
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for 2 G F and X(M) k X(N) k for all k. The group ^\{V) is the quotient by the nor¬ 
mal subgroup generated by (*_)*(z)(,j + )*( 2_1 ) for z G F and A (M) k , X(N) k for all k. 
Hence if M is in TL(q) then X(M) k is in (tti(M) * 7Ti(N)) q . It follows that the claim is 
true. □ 


For corresponding p-towers for M, N , M ■ N, and W, we have dV( t ) = M ( t ) U fV( t ) U 
—M • and hence 

Xr{M) + Xt(N) - Xr{M ■ N ) = [Aq(q)(F)] - [Aq(V)]. 


The following theorem presents sufficient conditions for the intersection forms on 
the right hand side to be Witt trivial. Recall that by Lemma 5.5 if M G H(q) and T 
is a p-tower for £ of order q, then jl (M) k € F^/F q for all t. Also the fcth coordinate 
jl{M) k of ft(M) lives in ^im _ >;i F( t )/F a . We will consider a map (im ^ F( t )/F a 
lim H^Fty) ® Z p b 


which will be defined in the proof of Theorem 


5.12 


below. 


Theorem 5.12. Suppose T is a p-structure of height h for £ of order q and M is a 
homology cylinder in Ti{q). Then the following are equivalent: 

(Cl) iii(£( t );Z) —> is injective. 

(C2) /fi(£( t) ;Z( p )) -)• is injective. 

(C3) Hi(£( t );Q) ->■ Hi(M( t y, Q) is injective. 

(C4) All X(M) k are torsion elements in Hi(Mm). 

(C5) All jd(M) k lie in the kernel of lim ^ F( t ) /F s —>■ lim ^ Hi ( F( t )) 0 Z pa . 

If M and N are inTL(q) and either M or N satisfies (one of) (C1)-(C5) fort = h+1, 
then 


Xq-(M) + Xr(N) = Xq-(M ■ N). 

In addition, the homology cylinders satisfying (one of) (C1)-(C5) form a subgroup 
ofn(q). 


We remark that in (C2) and (C3), the injectivity of the map implies that it is an 
isomorphism. See the proof below. 


Proof. The implications (Cl) => (C2) => (C3) follow that is flat over Z and Q 
is flat over Zjyj. From (Kl) in the last paragraph in Section 5. 2l Hi(E( t y, Z( p )) 
Hi(M( t y,Z( p \). Since 7Ti(M( t )) —> tti(M^) is surjective, the homomorphisms in (C2) 
and (C3) are always surjective. Since ifi(£( t )) is torsion-free, ifi(£( t );Z) —»• ffi(£( t );Q) 
is injective, and so (C3) implies (Cl). Also, since ffi(£( t )) is torsion-free, (C3) and 
(C4) are equivalent. 

(C4) says that all X k are 0 in Hi(M( t y,Z( p )) since Hi{MyyZ( p )) has no p-torsion. 
Since 


Z (p) )} = p|Ker{7n(M (t) ) —► Ih{M {t yZ p s)}, 


Ker{7n (M w ) - 
(C4) is equivalent to 

X k G Ker{7n(M (t) ) —> J?i(M (t) ;Z p „)} 
for all s. Because ffi(Mo); Z p s) is a hnite p-group, by Lemma 


5.3 


the kernel con¬ 


tains 7Ti (M)g s for some q s > q. The lift £( t ) —> Mm of i + induces isomorphisms on 
7Ti(—)/7Ti ( — )q s and on Hi(—;Z P *). Thus (C4) is also equivalent to 

\fq s ( M ) e Ker{7Ti(£ (t) )/7ri(£), 3 —> H 1 (T, (t yZ p s)} 
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for all s. Taking inverse limit, (C5) is obtained. 

Note that if M satisfies one of (Cl) to (C5) for t = h + 1, then it is also true for 
t = h by considering (C4) with —»■ Hi(Myy). We claim that 


lm{H 2 (V {t y,Q) —► H 2 (V (t) , M (t) U lV (t) ; Q)} = 0 

for t = h,h + 1. If so, by (K2) in the last paragraph of Section 5.2 [Aq(V)] and 
[Aq(q) (H)] vanish. Hence A 7 r(M) + \p(N) — \p (M ■ N) = 0. The cobordism H can be 
considered as a union of (M \JN) x/ and E x Jx / whose intersection is (i(E)U - )(E)) x 1. 
Applying the Mayer-Vietoris theorem, we obtain an exact sequence 


H 2 (M {t) UN {t y( 


H 2 (V {t y( 


Hi{T,yy,<! 


Hi (M( t ) U AT( t ); ( 


We have the injectivity of the rightmost map for t < h + 1. Then, the leftmost map is 
surjective, and the claim is shown. □ 


We remark that if one of (C1)-(C5) holds for h , then Hi{Mny) is p-torsion free. 


Thus in that case, A 7 -(M) lives in T°(Q(Cd)), by Lemma 5.1 


Applying the theorem, we obtain a sufficient condition for A 7 - to be a homomorphism 
of H(q): 


Corollary 5.13. Suppose T is ap-structure of height h for E of order q. IfT satisfies 
F q C [F (h+1 yF( h+1) ], then 

Xr-.H(q)— >L°(Q(Cd)) 

is a homomorphism on 'H(q). 


Proof. From the hypothesis, we have F( h+1 )/F q —> Hi^F^+i))- This induces a homo- 
morphism F( h+1 )/F q -> fen. H 1 (F (h+1) )®Z v s, and F^ h+1 )/F s -> ^m _ giC-F^+n)® 


Z p s factors through it. If M is in %(<?), then all jl q (M) k vanish in F^ h+1 ^/F qi and M 
satisfies (C5) in Theorem 5.12 for h + 1. □ 


Also, appealing to (C5), we derive a main result as another corollary: 


Corollary 5.14. For any p-structure T for E, 


Ar :H(oo)—>L°(Q(Cd)) 


is a homomorphism. 


Proof of Lemma \5.c\ Let _/V( 0 ) = G and 

N (t+1 ) = Ker {N (t) —> ^ = ffi(G; Z[G/JV (t) ]) — > Hi(G;Z p * t [G/N (t) ])} 

where p at = |G( t )/G( t+1 )|. That is, = r P t G , the P-mixed-coefficient commutator 
series, where V = (Z p a 0 ,Z p *i, ■ ■ ■) (see |Chal4a| l. We claim: 

(1) -W(t) < G, 

(2) G/Ny ) is a finite p-group, and 

(3) AT( t ) C G( t ). 

From (2), G/Ny\ is nilpotent. Therefore, for all t, there is some q such that G q C Nuy 
Combining this with (3), we obtain the conclusion. 

Let us show the above three claims. (1) can be shown by induction since G 
acts on Hi(G-,Z p a t [G/N/ t - ) ]) by congugation. Because G is finitely generated and 
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ifi(G;Z p a t [G/iV( t )]) is a finite p-group, each is a finite p-group and so 

is G/N( t y We use an induction for (3). 


N (t+ 1) c 


G(t+ 1) c 


Ker 


N, 




ab. 


H^ZiG/N^}) 


Ker 


G 


(*) 


ff!(G;Z p o t [G/N (t) ]) 


G(t)/G( t+ 1) 


In the above diagram, .ffi(G;Z p « t [G/N (t) ]) = H 1 (N (t] )/p at H 1 (N {t) ) and G (t) /G (t+1) is 
abelian and of order p a *, and so the rightmost vertical map exists. Hence the leftmost 
vertical map also exists and is injective. □ 


6. Structures in 'H(oo) and its subgroups 

In this section, we construct infinitely many homology cylinders to investigate the 
structure of "H, especially in T~L( oo). Our examples are constructed by infection on the 
trivial homology cylinder. We start with a description of infection by a knot. For a 
3-manfold M and a simple closed curve a in the interior of M, by removing an open 
tubular neighborhood of a from M and by filling in it with the exterior of a knot K 
in S 3 so that the meridian and the preferred longitude of K are identified with the 
preferred longitude and the meridian of a, respectively, we obtain a new 3-manifold N. 
We say that N is obtained from M by infection along a using K. This construction 
appeared in 1CQT031 : CQT04| . 

Let be a homology cylinder and M' be obtained from M by infection 

along a using K. It is well known that there is a homology equivalence /: M' —» M, 
which extends the identity map between M' — (exterior of K ) and M— (tubular neigh¬ 
borhood of a) (for example, see IChalCK Proposition 4.8]). Hence M' is a homology 
cylinder with markings i± : S — > M' induced by i±. 

We consider the effect of infection on the invariants of Garoufalidis and Levine 
|GL05| . Cha, Friedl, and Kim |GFK11| . Morita IMor08| . Sakasai |Sakl2| . Cochran, 
Harvey, and Horn [ iCHH121 (see the introduction), the extended Milnor invariants fi q , 
and the Hirzebruch-type invariants A 7 -. Let H = 

(a) Garoufalidis-Levine homomorphisms [GL05] 

V q '■ Wg,n —> Aut (F/F q ) 

The left commutative diagram induces the right commutative diagram. 


7T!(E) TTl(M') (»V)« a 7 Ti(E) 

- - 5 =- - ■<- - 



7Tl (M) q 

Since v q (M) = o r] q {M') = rj q (M). 
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(b) Morita homomorphism [Mor08| 

OO 

p: H g ,i —> (A 3 H q © 0 S 2k+1 H Q ) x Sp(2g,Q) 
k —1 

Here S 2k+1 H denotes the (2k + l)st symmetric power of H and Hq = H © Q. 
This p is the composition of the limit of p q with a trace map. Hence p(M') = 
P{M) by (a), and fl£Li K er(? ?9 ) C Ker(p) 

(c) Sakasai’s Magnus representations |Sakl2j 

r q :n g ,i —► GL(2g,Q(F/F q )) and r: H g ,i —► GL{2g,A p ) 

Here Q(F/F q ) := Z[F / F q ](Z[F / F q \ — {0})“ 1 , F is the algebraic closure with 
respect to Z !Cha08 l (which is called the acyclic closure by Sakasai), and 
is the Cohn localization of the augmentation map Z[F] —> Z. They are crossed 
homomorphisms, and the restrictions to 'H g p[q\ and Ker{ 'H g p —> Aut(i 7 ')} 
are homomorphisms, respectively. Similar to (a), by taking the first relative 
homology Hi(—,*;Q(F/F q )) on the left diagram in (a), we see that r q (M') = 
r q (M). Also by taking the acyclic closure of the fundamental group, we obtain 
r(M) = r(M'). 

(d) Cha-Friedl-Kim’s torsion invariant jCFKllj 

r:H g , n —>Q(H) X /±HAN 

Here Q(H) is the quotient field of Z [H], 

A = { p _1 • rj{p) | p G Q(H) x ,riG lmp 2 }, N = {q ■ q \ q G Q(H ) X }, 

and - is the extension of the involution of the group ring Z [H], This is a 
homomorphism. The effect of infection is studied in [ CFK11 , Theorem 4.2]. 
We discuss some details for the reader’s convenience. We first consider the effect 
on t: Cg^ n —> Q(H) X / ± iJ. Let rf. be the torsion of the acyclic cellular chain 
complex C*(S' 3 — K, uik’, Z[iJ]) with a meridian rriK of K. Let </>: Hi(S 3 ~K) -P- 

(i‘ ) _1 

H\ (M r ) — + * > H be induced by the inclusion S 3 — K c —> M' . Denote the 
tubular neighborhood of a by u{a). Then we have 

t(M') = t(M) ■ t(S 3 — K ) • r(u(a)) _1 . 

Here = means the equality in Q(H) X / ± H. From the exact sequence 

0 —» C*(rn K \Q{H)) —> C*(S 3 - K;Q(H)) —» C*(S 3 - K,m K ;Q(H)) —> 0 

with ( S 3 — K,rriK ) acyclic, we obtain t(S 3 — K) = t(toa-) • T^. The class of 
rriK in H\(S 3 —1\) maps to the class of a in Hi(M'), and S 1 and S 1 x D 2 are 
simple homotopy equivalent. Thus t^tuk) = 'r(a) = r(u(a)). From this, we 
obtain t(M') = t(M) ■ r^. 

Remark 6 . 1 . Since any knot exterior in S 3 is a homology cylinder over Eo^, 
t(S 3 - K) = t(S 3 - I<) G Q(R 1 (E 0 , 2 )) x / ± E 0 , 2 ) 

by [CFKlll Lemma 3.13], and the inclusion S 3 — K M' induces 
t(S 3 - K) = t(S 3 - K) G Q{H) x /± H. 


Thus, t(M') = t(M') if t(M) = t(M). 
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(e) Cochran-Harvey-Horn’s von Neumann p-invariants ('111112 

P q ■ Kg, i[g] —■> M 

They studied the effect of infection in jCHH12l Proposition 8.11]: when a £ 
TTi(M)k but no power of a lies in iri(M)k+i, 

,, , ,. f 0 if 2 < q < k 

Po( M )-Pi( M )-{f siaK ( u} )dujifq>k 

Here cr^-(w) is the Levine-Tristram signature of I\. The map p q is a “quasi¬ 
morphism” on H g i[q], and it is a homomorphism on Ker r q . 

(f) Extended Milnor invariants 

Pq- Ug,n —> (F/F q ) 29+n ~ 1 

Their restrictions are homomorphism on TL[q] or TL°[q — 1). Since they are 
also obtained from the induced maps on tti(—)/tti(—) 9 , they are preserved by 
infection. 


Now we consider the Hirzebruch-type invariants 

-1 


Ar : T-L g ,n(q) 


Z 


d\ 




defined in Section[5] Here T is ap-structure of order q. It is a homomorphism on the 
subgroup of homology cylinders satisfying (C1)-(C5) in Theorem 5.12 into L°(Q(Q)), 
especially on TL g . n ( oo). 

In [ IChalOl Corollary 4.7], the effect of infection is analyzed for general closed 3- 
manifolds. By applying it to homology cylinders, we obtain the following theorem: 


Theorem 6.2 (A special case of Corollary 4.7 in [ChalOj ). Let M be a homology 
cylinder in TL(q) and T be a p-structure of height h for E. Let 'if: 7—>■ Z^ be 
the character induced by T■ Let or, oh,... C Mt h ^ be the components of the pre-image 
of a and r g be the degree of the covering map ctj —> a. Let A be a Seifert matrix of K. 
Then 

Ar(M') = \ T (M) + ^([\ rj (A,td {l&i]) )} ~ MAI)]) 

3 

where [A r (A,u;)] the Witt class of (the nonsingular part of) the hermitian form 
represented by the following r x r block matrix: 


X r (A, co) 


A + A T -A -uj~ 1 A t 

-A T A+ A T -A 
-A T A + A T 

- A 

- ojA -A t A + A t . 


A + A T -A-w-iA 7 " 
- A T — uiA A + A T 


For r = 1,2, A r (A,w) should be understood as 
[(1 — oj)A + (1 — w _1 )A T ] and 
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Let E(a,K) be the homology cylinder obtained from the trivial homology cylinder 

r(E(a, K) 2 ) G Q(H) X / ± HAN 


E by infection using K along a. By Remark 6.1 


vanishes for any a and K. For I\ with J gl gk(oj) = 0, p q (E(a, AT)) vanishes and all 
invariants in (a)-(f) vanish on E(a,K) 2 . 

We will choose a simple closed curve a and an infinite sequence {A'.,;} of knots such 
that E(a,Ki) 2 are distinguished by A 7 -. For this purpose, we need the following two 
lemmas: 


Lemma 6.3 (Lemma 5.3 in |Cha09j 1 . When 61 (E) > 1, for any h, there exist a loop 
7 in £ and a p-touier {S^} of height h for E satisfying the following: 

(1) 

(2) Every lift 7 j of 7 in E ( h ) is a loop. 

(3) There is a map fi: 7 Ti(S( h A — > Z which sends (the class of) each 7 , to — 1, 0, 
or 1 and sends at least one 7 ,• to 1 . 


Lemma 6.4 (Lemma 5.2 in |Cha09j 1 . For any prime p, there is an infinite sequence 
{Afj} of knots together with a strictly increasing sequence {d, } of powers of p satisfying 
the following properties: 

(1) gK i {(di ) > 0; and if p = 2 then GXi(Q.) > 0 for any s. 

(2) If i> j then a- Ki {Q.) = 0 for any s. 

(3) J s j GKi (w) dw = 0. 

(4) Ki has vanishing Arf invariant. 


We remark that (1) in Lemma 6.3 and (3), (4) in Lemma 6.4 will be used in Section[7j 
Now we obtain one of our main results: 


Theorem 6.5. Suppose 61 (E) > 1. Then the abelianization of the intersection of the 
kernels of the invariants in ( a)—(J ) is of infinite rank. 


Proof. Let a be a simple closed curve obtained by pushing i, 07 into the interior of 


the trivial homology cylinder E , and Ki be knots as in Lemma 6.4 

Let {Ep)} be the p-tower in Lemma | 6.3| a nd (f>d: 7 Ti(E(/p) —> Z^ be the composition 
of the map </>: 7Ti(E(^)) —> Z in Lemma 16.31 with the projection Z —> Z^ which sends 
1 G Z to 1 G Z d- Note that 7 Ti(E( t )) and nf jE(t)) are isomorphic. For T = ({E( t )}, fid), 
due to Theorem 16.21 we have 


A T (E(a,Ki)) = *£ [^(^,1)]) 


where Ai is a Seifert matrix of Ki. Observe that sign Ai(Aj, w) = gk^uj), gk^ 1) = 0, 
and GKiipj) = g Ki (cu~ 1 ). By the choice of fid from fi, 


sign A r (A(a, K()) = c ■ g k . (Q) 


where c is the number of lifts 7 , sent to ±1 by fi: 7 Ti(E(/ l )) —> Z. Note that c > 0. 

Now we prove that E(a , Kf) 2 are linearly independent in the abelianization. Suppose 
they are linearly dependent. Then aiE(a, Kf) 2 = 0 in the abelianization where not 
all ai are zero. Let io be the smallest integer such that ai 0 ^ 0. Let di be the number 
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and consider the p-structure T = ({E( t )}, (f>d iQ )• Then 
0 = signA r (]T cii E(a,Ki ) 2 ^ = 2 ^ a* sign \ r (E{a, Kfj) 

i i 

= 2 a i C a Iu(Cd i0 ) 

i 

= 2 ^2 a, c a Ki (Cd i0 ) 

i>i 0 

= 2 dig C (T Kig {Cdig ) 

^0. 

This contradiction implies the linear independence of E(a,Ki) 2 in the abelianization 
of the intersection of those kernels. Therefore abelianization has infinite rank. □ 


in Lemma 


6.4 


We note that the homology cylinders E(a,Ki ) 2 used in the proof of Theorem 6.5 
are boundary homology cylinders by the following lemma: 


Lemma 6.6. A homology cylinder obtained by infection from a boundary homology 
cylinder, an F-homology cylinder, or a homology cylinder with vanishing fi q is a bound¬ 
ary homology cylinder, an F-homology cylinder, or a homology cylinder with vanishing 
(i q , respectively. 


Proof. Let M' be a homology cylinder obtained from a homology cylinder M by in¬ 
fection using K along a. There is a map /: M' — > M which extends the identity 
between M' — (exterior of K) and M— (tubular neighborhood of a). Especially / 
extends the identity between boundaries. The induced map /* on the fundamental 
groups sends \{M') k to A (M) k for each k. Since / induces isomorphisms on 7 Ti(—) 
and 7Ti(— )/tti (—) q , A (M) k vanishes in 7Ti (M) or ni(M)/ni(M) q if and only if \{M') k 

vanishes in tti(M') or TTi(M')/m(M') q . If there is a splitting cf + of (i + )*, then cj) + of* 
is a splitting of (i+)*. Appealing to Proposition 4.5 we complete the proof. □ 


Thus, the same proof of Theorem 6.5 shows the following: 


Theorem 6.7. If &i(E) > 1, then the abelianizations of the subgroups BP, % and 
P{oo) contain a subgroup isomorphic to Z°°. 


Remark 6.8. Since the homology cylinders E(a, Kf) 2 mutually commute, they gen¬ 
erate an abelian group in "H(oo). Therefore we obtain that there is an infinite rank free 
abelian subgroup, say A, of BP which injects into the abelianization of any subgroup 
of P(p o) containing A, whenever bi(E) > 1. 


7. Nilpotent cobordism and solvable cobordism 

In this section, we consider other types of cobordisms of homology cylinders, related 
to gropes and Whitney towers. Let M and N be homology cylinders over E. 

Definition 7.1. A 4-manifold W which is bounded by M ■ —N and satisfies H\{M) = 
H\ (IT) = Hi(N) under inclusion-induced maps is called a (relative) H\-cobordism 
between M and N. 
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For an iii-cobordism W between M and N, H 2 (W,M ) = H 2 (W) = H 2 (W,N). 
Hence, W is an ffi-cobordism with H 2 (W) = 0 if and only if W is a homology cobor- 
dism. 

As an approximation of homology cobordism, first we define nilpotent cobordism of 
homology cylinders motivated by |Dwy75[ IFT95] . For the definition of closed grope of 
class q, we refer to IFT951 Section 2]. 

Definition 7.2. An ffi-cobordism W between M and N is called class q nilpotent 
cobordism if there are maps of closed gropes of class q into W, whose base surfaces 
represent homology classes generating H 2 (W,N). If there exists such W, we say that 
M is class q nilpotently cobordant to N. 

There is a relation between nilpotent cobordism and //-invariants: 

Theorem 7.3. If M is class q nilpotently cobordant to N, then p q (M) = jx q {N). 

Proof. By Dwyer’s theorem |Dwy75] Theorem 1.1]), the markings of M and N induce 
isomorphisms F/F q = 7ri(W)/7ri(W)g. We consider the commutative diagram below. 


7n(M)/7n(M)g 



MN)/MN) q 


Since \{M) k and \{N) k are sent to the same element in 7Ti(W) for each k, we obtain 
fi q {M) = fi q (N). □ 

Next, let us consider solvable cobordism of homology cylinders. For a precise def¬ 
inition of solvable cobordism, see jCha!4bl Definition 2.8]. In |Chal4b| . it is defined 
between bordered 3-manifolds. Since a homology cylinder is a special case of bor¬ 
dered 3-manifolds, the definition is applied directly to homology cylinders. A solvable 
cobordism is also an ifi-cobordism approximating homology cobordism. Note that 
M is (r)-solvably cobordant to N if and only if M ■ (-N) is (r)-solvable as a closed 
3-manifold (see [ COTQ41 Definition 2.1]) for r G ^Z> 0 . We say that M is (r)-solvable 
if M is (r)-solvably cobordant to E , or equivalently, if M is (r)-solvable. 


Theorem 7.4. Suppose M G % (q) and T is a p-structure of height < h for E of 
order q. If either 

(1) M is (h + 1 )-solvable or 

(2) M is (h.5)-solvable and (C1)-(C5) of Theorem 5.12 hold for h + 1, 
then X'j-(M) vanishes. 


Proof. If M satisfies (C2) in Theorem 5.12 for h+ 1, then 


for t < h+ 1 , and so is p-torsion free and rank JJi(E( t ); Q) = rank Hi(M( t y,Q) 

for all t < h + 1. The desired conclusion follows immediately from (ChalOl Theorem 
8.2] and |Cha091 Theorem 3.2]. □ 


By exactly the same argument as in ]CQT04i , Proposition 3.1], we have a similar 
result on homology cylinders infected along a simple closed curve in some derived series: 
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Lemma 7.5. Let M be an (h)-solvable homology cylinder. Suppose a is a simple closed 
curve with [a] € and K is a knot in S 3 with vanishing Arf invariant. Then, 

AI(a,K) obtained by infection from M along a using K is ( h)-solvable. 

We consider the (r)-solvable filtration of TL. Denote by the set of all homology 
cobordism classes of (r)-solvable homology cylinders in a subgroup G of U. It can be 
seen that Ff\ is a normal subgroup of G for any subgroup G of TL. We remark that 
this may be compared with Kitayama’s groups of refined cobordism classes of homology 
cylinders whose marking induce isomorphisms on solvable quotients |Kitl2j . 


Theorem 7.6. 

(1) For a p-structure T of height h for S, Aj- gives rise to a homomorphism 


\ . -p'H(oo) j t- 

*T- /A 


•'H(oo) 

(h- 5) 


L o mQ)). 


(2) The abelianization of F^ h f° /F^ h ^ has infinite rank. 
Both (1) and (2) also hold for F^j/Fy^^ and Fjy/Fj^^. 


Proof. (1) follows fro m T heorem 7.4 and Corollary 5.14 By Lemma 7.5 E(a,Ki ) 2 in 
the proof of Theorem 6.5 is (ft.)-solvable, and is in Fjfy°° . With the homomorphism in 


(1), the same argument as in the proof of Theorem 6.5 proves (2). The last sentence 
follows from that all E(a , A',) 2 are boundary homology cylinders, and also A-homology 
cylinders by Lemma |6.6[ □ 
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